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============

This paper is devoted to the study of solutions, possibly unbounded and sign-changing, of the semilinear partial differential equation, $$\documentclass[12pt]{minimal}
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                \begin{document}$f\in C^{1}(\mathbb {R})$\end{document}$. Under some assumptions on the nonlinearity *f*, we will show that this problem does not possess a nontrivial solution with finite Morse index.
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We now list some known results. We start with the second-order Lane-Emden equation $$\documentclass[12pt]{minimal}
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                \begin{document}$f>0$\end{document}$ is a general convex, nondecreasing function. Extensions to solutions which are merely stable outside a compact set are discussed.

For the fourth-order Lane-Emden problem $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Delta^{2} u=|u|^{p-1}u, \quad \mbox{in } \mathbb {R}^{n}, p>1, \end{aligned}$$ \end{document}$$ the subcritical case has been studied by Ramos and Rodriguez for finite Morse index sign-changing solutions (see \[[@CR14]\]). The supercritical case is more complicated and there are several new approaches dealing with ([1.3](#Equ3){ref-type=""}). The first approach is to use the test function $\documentclass[12pt]{minimal}
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                \begin{document}$\epsilon_{n}>0$\end{document}$; see \[[@CR16]\]. These results were improved in \[[@CR12]\] by adapting Farina's approach with the restriction on the power $\documentclass[12pt]{minimal}
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                \begin{document}$q<\frac{2}{3}$\end{document}$. The second approach was obtained by Cowan and Ghoussoub \[[@CR3]\], Dupaigne *et al.* \[[@CR17]\] and further exploited by Hajlaoui, Ye and one of the authors \[[@CR7]\]. This approach improves the first upper bound $\documentclass[12pt]{minimal}
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                \begin{document}$\frac {n}{n-8}+ \epsilon_{n}$\end{document}$, but it again fails to catch the fourth-order Joseph-Lundgren exponent computed by Gazzola and Grunau \[[@CR18]\]. It should be remarked that by combining these two approaches one can show that stable positive solutions to ([1.3](#Equ3){ref-type=""}) do not exist when $\documentclass[12pt]{minimal}
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                \begin{document}$p>1$\end{document}$; see \[[@CR7]\]. Finally in \[[@CR5]\], Dávila *et al.* employed a monotonicity formula-based approach and gave a complete classification of stable and finite Morse index (positive or sign-changing) solutions to ([1.3](#Equ3){ref-type=""}). A remarkable outcome of this third approach is that it gives the optimal exponent. The main tool of \[[@CR5]\] is a monotonicity formula, used to perform a blow-down analysis and reduce the nonexistence of nontrivial entire solutions for the problem ([1.3](#Equ3){ref-type=""}), to that of nontrivial homogeneous solutions.

Thanks to the Liouville-type theorem with finite Morse index in \[[@CR8]\], the authors proved the nonexistence result of sign-changing solutions for the sixth-order problem $$\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb {R}^{n}$\end{document}$. These results apply to the subcritical case using the Pohozaev identity. In the supercritical case, motivated by the monotonicity formula established in \[[@CR19]\], they reduced the nonexistence of nontrivial entire solutions for the problem ([1.4](#Equ4){ref-type=""}), to that of nontrivial homogeneous solutions. Through this approach, they gave a complete classification of stable solutions and those finite Morse indices, whether positive or sign-changing. Also, this analysis reveals the existence of a new critical exponent called the sixth-order Joseph-Lundgren exponent, also they gave the explicit value of this exponent.

In this work, we are concerned with Liouville-type theorems for the nonlinear elliptic equation ([1.1](#Equ1){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k=1,2,3,4$\end{document}$. We prove Liouville-type theorems for solutions (whether positive or sign-changing) belonging to one of the following classes: stable solutions and solutions which are stable outside a compact set. Our proof is based on a combination of the integral estimates and the Pohozaev-type identity.

The paper is organized as follows. In Section [2](#Sec2){ref-type="sec"} we state our main results, which are then proved in Section [4](#Sec5){ref-type="sec"}. Section [3](#Sec4){ref-type="sec"} contains some important auxiliary tools, which are used in the proofs of the main theorems.

Statement of the main results {#Sec2}
=============================

In order to state our results, we present first some assumptions on the nonlinearity *f*:
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Remark 2.1 {#FPar1}
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The examples (1) and (2) show that *f* can have an exponential growth at infinity. Therefore, clearly an adequate behavior of *f* at zero is needed to obtain the Liouville theorem. The unique and important nonexistence result for stable solutions of the non-homogeneous second-order equation ([1.1](#Equ1){ref-type=""}) has been recently obtained in \[[@CR13]\]. It is shown there, among other things, that ([1.1](#Equ1){ref-type=""}) does not admit nontrivial stable or stable outside a compact set solution provided that *f* is regular, positive, nondecreasing and convex function in $\documentclass[12pt]{minimal}
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In order to state our results we need to recall the following.
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Remark 2.2 {#FPar5}
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To state the following result we need to introduce some notation. Let two critical exponents play an important role, namely the classical Sobolev exponent $$\documentclass[12pt]{minimal}
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Now we can state our main nonexistence results.

Theorem 2.1 {#FPar6}
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Theorem 2.2 {#FPar7}
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The next result concerns the complete classification of entire stable solutions of the second-order equation ([1.1](#Equ1){ref-type=""}) in the supercritical case.

Theorem 2.3 {#FPar8}
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Berestycki and Lions Liouville-type theorem {#Sec3}
-------------------------------------------
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### Theorem 2.4 {#FPar9}
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### Remark 2.3 {#FPar10}

Clearly, if *u* is unbounded stable solution to ([1.1](#Equ1){ref-type=""}) with $\documentclass[12pt]{minimal}
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Also, we will show, with very few restrictions, that there exists a necessary and sufficient condition for the nonexistence solutions which are stable outside a compact set of problem like ([1.1](#Equ1){ref-type=""}).

### Theorem 2.5 {#FPar11}
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Auxiliary results {#Sec4}
=================

In this section we prove the following lemmas and propositions, which will have a crucial role in the proof of Theorems [2.1](#FPar6){ref-type="sec"}, [2.2](#FPar7){ref-type="sec"}, [2.3](#FPar8){ref-type="sec"}, [2.4](#FPar9){ref-type="sec"} and [2.5](#FPar11){ref-type="sec"}. Denote $\documentclass[12pt]{minimal}
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First, define a cut-off function $\documentclass[12pt]{minimal}
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Lemma 3.1 {#FPar12}
---------
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Proof {#FPar13}
-----
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*Proof of* 1. Integrating by parts, we get $$\documentclass[12pt]{minimal}
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Using Young's inequality of the above, we deduce $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& R^{-2} \int_{B_{2R}} \bigl\vert \nabla^{3} v \bigr\vert ^{2}\varphi_{R}^{2m-2} \,dx \\& \quad\leq C R^{-2} \int _{B_{2R}} \bigl\vert \nabla(\Delta v) \bigr\vert ^{2} \varphi_{R}^{2m-2}\,dx+C R^{-4} \int _{B_{2R}} \bigl\vert \nabla^{2} v \bigr\vert ^{2} \varphi_{R}^{2m-4}\,dx, \end{aligned}$$ \end{document}$$ which gives the desired conclusion. □

Lemma 3.2 {#FPar14}
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Proof {#FPar15}
-----
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                \begin{document}$$ \bigl(\Delta^{2}\bigl(u\varphi_{R}^{m} \bigr) \bigr)^{2} \leq(1+\epsilon) \bigl(\varphi _{R}^{m} \Delta^{2} u \bigr)^{2}+ C_{\epsilon} \mathbf{A}^{2}\bigl(u, \varphi_{R}^{m}\bigr). $$\end{document}$$ For the second term on the right hand side of inequality ([3.9](#Equ18){ref-type=""}), one obtains $$\documentclass[12pt]{minimal}
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Using the previous lemmas, we obtain the following results.

Proposition 3.1 {#FPar16}
---------------
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When attempting to prove the nonexistence of the nontrivial solution which is stable outside a compact set of ([1.1](#Equ1){ref-type=""}) in the subcritical case, we need first to establish the following proposition.

Proposition 3.2 {#FPar17}
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Proof of Proposition [3.1](#FPar16){ref-type="sec"} {#FPar18}
---------------------------------------------------
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Proof of Proposition [3.2](#FPar17){ref-type="sec"} {#FPar19}
---------------------------------------------------
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As in \[[@CR20]\], we shall employ a cut-off function with compact support to derive a variant of the Pohozaev identity. This device allows us to avoid the spherical integrals raised in \[[@CR21]\], which are very difficult to control, especially for the polyharmonic situations. For $\documentclass[12pt]{minimal}
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Thanks to Propositions [3.2](#FPar17){ref-type="sec"} and [3.3](#FPar20){ref-type="sec"}, we derive the following.

Proposition 3.4 {#FPar21}
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Proof of Proposition [3.3](#FPar20){ref-type="sec"} {#FPar22}
---------------------------------------------------
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Here, we are concerned with the proof of Proposition [3.4](#FPar21){ref-type="sec"}.

Proof of Proposition [3.4](#FPar21){ref-type="sec"} {#FPar23}
---------------------------------------------------
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The second term on the right hand side of ([3.18](#Equ27){ref-type=""}) can be estimated as $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \biggl\vert - \frac{1}{2} \int_{B_{\beta R}} \bigl(\Delta^{2} u \bigr)^{2} \bigl\langle x, \nabla\psi _{R}^{2m}\bigr\rangle \,dx \biggr\vert =& \biggl\vert - \frac{1}{2} \int_{A^{{\beta R}}_{\alpha R}} \bigl(\Delta^{2} u \bigr)^{2} \bigl\langle x, \nabla\psi_{R}^{2m} \bigr\rangle \,dx \biggr\vert \\ \leq& C_{m} \int_{A^{{\beta R}}_{\alpha R}} \bigl(\Delta^{2} u \bigr)^{2} \psi_{R}^{2m-1} \,dx \leq C R^{ n- 8\frac {\theta+ 1}{\theta-1}}. \end{aligned}$$ \end{document}$$ Next $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \biggl\vert \int_{B_{\beta R}} \bigl[\Delta^{2} u \bigl( \bigl\langle x, \nabla(\Delta u)\bigr\rangle \Delta\psi_{R}^{2m} + 2 \Delta u \Delta\psi_{R}^{2m} +4 \nabla (\Delta u) \nabla \psi_{R}^{2m} + \Delta^{2} \psi_{R}^{2m} \langle x, \nabla u \rangle \bigr) \bigr] \,dx \biggr\vert \\ & \quad= \biggl\vert \int_{A^{{\beta R}}_{\alpha R}} \bigl[ \Delta^{2} u \bigl( \bigl\langle x, \nabla(\Delta u)\bigr\rangle \Delta\psi_{R}^{2m} + 2 \Delta u \Delta\psi_{R}^{2m} +4 \nabla(\Delta u) \nabla \psi_{R}^{2m} + \Delta^{2} \psi_{R}^{2m} \langle x, \nabla u \rangle \bigr) \bigr] \,dx \biggr\vert \\ & \quad\leq C_{m} \int_{A^{\beta R}_{\alpha R}} \bigl\vert \Delta^{2} u \bigr\vert \bigl( R^{-1} \bigl\vert \nabla(\Delta u) \bigr\vert \psi _{R}^{2m-2} + R^{-2} \vert \Delta u \vert \psi_{R}^{2m-2} + R^{-3} \vert \nabla u \vert \psi _{R}^{2m-4} \bigr) \,dx \\ & \quad\leq C_{m} \int_{A^{\beta R}_{\alpha R}} \bigl\vert \Delta^{2} u \bigr\vert \bigl( R^{-1} \bigl\vert \nabla (\Delta u) \bigr\vert \psi_{R}^{m-1} + R^{-2} \vert \Delta u \vert \psi_{R}^{m-2} + R^{-3} \vert \nabla u \vert \psi_{R}^{m-3} \bigr) \,dx, \end{aligned}$$ \end{document}$$ the last line comes from the fact that $\documentclass[12pt]{minimal}
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By applying the Hölder inequality and the Young inequality to ([3.29](#Equ38){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \biggl\vert \int_{B_{\beta R}} \bigl[\Delta^{2} u \bigl( \bigl\langle x, \nabla(\Delta u)\bigr\rangle \Delta\psi_{R}^{2m} + 2 \Delta u \Delta\psi_{R}^{2m} +4 \nabla (\Delta u) \nabla \psi_{R}^{2m} + \Delta^{2} \psi_{R}^{2m} \langle x, \nabla u \rangle \bigr) \bigr] \,dx \biggr\vert \\ & \quad\leq \int_{A^{\beta R}_{\alpha R}} \bigl\vert \Delta^{2} u \bigr\vert \bigl( R^{-1} \bigl\vert \nabla(\Delta u) \bigr\vert \psi_{R}^{m-1} + R^{-2} \vert \Delta u \vert \psi_{R}^{m-2} + R^{-3} \vert \nabla u \vert \psi_{R}^{m-3} \bigr) \,dx \\ & \quad\leq \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl(\Delta^{2} u\bigr)^{2} \,dx \biggr)^{\frac{1}{2}} \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl( R^{-1} \bigl\vert \nabla(\Delta u) \bigr\vert \psi_{R}^{m-1} + R^{-2} \vert \Delta u \vert \psi_{R}^{m-2} \\& \qquad {}+ R^{-3} \vert \nabla u \vert \psi_{R}^{m-3} \bigr)^{2} \,dx \biggr)^{\frac{1}{2} } \\ & \quad\leq C \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl(\Delta^{2} u\bigr)^{2} \,dx \biggr)^{\frac{1}{2}} \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl(R^{-2} \bigl\vert \nabla(\Delta u) \bigr\vert ^{2} \psi_{R}^{2m-2} + R^{-4} \vert \Delta u \vert ^{2} \psi _{R}^{2m-4} \\ & \qquad {}+ R^{-6} \vert \nabla u \vert ^{2} \psi_{R}^{2m-6} \bigr) \,dx \biggr)^{\frac{1}{2} }. \end{aligned}$$ \end{document}$$ Similarly, we also obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \biggl\vert \int_{B_{\beta R}} \Delta^{2} u \nabla \bigl(\bigl\langle x, \nabla(\Delta u)\bigr\rangle \bigr) \nabla\psi_{R}^{2m} \,dx \biggr\vert \\& \quad = \biggl\vert \int_{B_{\beta R}} \Delta^{2} u \bigl(\nabla(\Delta u)\nabla \psi_{R}^{2m} + x_{i} (\Delta u)_{ij} \bigl(\psi_{R}^{2m}\bigr)_{j} \bigr) \,dx \biggr\vert \\ & \quad\leq C_{m} \int _{A^{\beta R}_{\alpha R}} \bigl\vert \Delta^{2} u \bigr\vert \bigl(R^{-1} \bigl\vert \nabla(\Delta u) \bigr\vert \psi_{R}^{2m-1} + \bigl\vert (\Delta u)_{ij} \bigr\vert \psi_{R}^{2m-1} \bigr) \,dx \\ & \quad\leq C \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl(\Delta^{2} u\bigr)^{2} \,dx \biggr)^{\frac{1}{2}} \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl(R^{-1} \bigl\vert \nabla(\Delta u) \bigr\vert \psi_{R}^{2m-1} + \bigl\vert (\Delta u)_{ij} \bigr\vert \psi_{R}^{2m-1} \bigr)^{2} \,dx \biggr)^{\frac{1}{2}} \\ & \quad\leq C \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl(\Delta^{2} u\bigr)^{2} \,dx \biggr)^{\frac{1}{2}} \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl( R^{-2} \bigl\vert \nabla(\Delta u) \bigr\vert ^{2} \psi_{R}^{4m-2} + \bigl(( \Delta u)_{ij} \bigr)^{2} \psi_{R}^{4m-2} \bigr) \,dx \biggr)^{\frac{1}{2}}. \end{aligned}$$ \end{document}$$ Integrating by parts and using Young's inequality, we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \int_{A^{\beta R}_{\alpha R}} \bigl[ R^{-2} \bigl\vert \nabla(\Delta u) \bigr\vert ^{2} \psi _{R}^{4m-2} + \bigl(( \Delta u)_{ij} \bigr)^{2} \psi_{R}^{4m-2} \bigr] \,dx \\& \quad\leq \int_{B_{\beta R}} \bigl[ R^{-2} \bigl\vert \nabla(\Delta u) \bigr\vert ^{2} \psi _{R}^{4m-2} + \bigl(( \Delta u)_{ij} \bigr)^{2} \psi_{R}^{4m-2} \bigr] \,dx \\& \quad= \int_{B_{\beta R}} \bigl( \Delta^{2} u\bigr)^{2} \psi_{R}^{4m-2} \,dx+ \int_{B_{\beta R}} \Delta^{2} u \nabla(\Delta u ) \nabla \bigl(\psi_{R}^{4m-2}\bigr) \,dx \\& \qquad {}+ \int_{B_{\beta R}} \bigl\vert \nabla(\Delta u ) \bigr\vert ^{2} \biggl[ R^{-2} \psi_{R}^{4m-2} + \frac{1}{2}\Delta \bigl(\psi_{R}^{4m-2}\bigr) \biggr] \,dx \\& \quad \leq C_{m} \int_{B_{\beta R}} \bigl( \Delta^{2} u\bigr)^{2} \psi_{R}^{2m} \,dx + C_{m} R^{-2} \int_{B_{\beta R}} \bigl\vert \nabla(\Delta u ) \bigr\vert ^{2} \psi_{R}^{2m-2}\,dx. \end{aligned}$$ \end{document}$$ From ([3.31](#Equ40){ref-type=""}) and ([3.32](#Equ41){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \biggl\vert \int_{B_{\beta R}} \Delta^{2} u \nabla \bigl( \bigl\langle x, \nabla(\Delta u) \bigr\rangle \bigr) \nabla\psi_{R}^{2m} \,dx \biggr\vert \\& \quad\leq C \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl(\Delta^{2} u\bigr)^{2} \,dx \biggr)^{\frac{1}{2}} \biggl( \int _{B_{\beta R}} \bigl(\bigl( \Delta^{2} u \bigr)^{2} \psi_{R}^{2m} + R^{-2} \bigl\vert \nabla (\Delta u ) \bigr\vert ^{2} \psi_{R}^{2m-2} \bigr) \,dx \biggr)^{\frac{1}{2}}. \end{aligned}$$ \end{document}$$ The sixth term on the right hand side of ([3.18](#Equ27){ref-type=""}) yields $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \biggl\vert \int_{B_{\beta R}} \Delta^{2} u \bigl( \Delta\bigl( \psi_{R}^{2m}\bigr) \Delta \bigl(\langle x, \nabla u \rangle \bigr) +2 \nabla\bigl(\Delta\bigl(\psi_{R}^{2m}\bigr)\bigr) \nabla \bigl( \langle x, \nabla u \rangle \bigr) \bigr) \,dx \biggr\vert \\& \quad= \biggl\vert \int_{B_{\beta R}} \Delta^{2} u \bigl( \bigl\langle x, \nabla (\Delta u)\bigr\rangle \Delta\bigl(\psi_{R}^{2m}\bigr)+ 2 \Delta u \Delta\bigl(\psi_{R}^{2m}\bigr) \\& \qquad {}+2 \nabla u \nabla \bigl(\Delta\bigl(\psi_{R}^{2m}\bigr)\bigr)+ 2 x_{i} u_{ij} \bigl( \Delta\bigl(\psi_{R}^{2m} \bigr) \bigr)_{j} \bigr) \,dx \biggr\vert \\& \quad\leq C \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl(\Delta^{2} u\bigr)^{2} \,dx \biggr)^{\frac{1}{2}} \biggl( \int_{A^{\beta R}_{\alpha R}} \bigl( R^{-2} \bigl\vert \nabla(\Delta u) \bigr\vert ^{2} \psi_{R}^{2m-2} + R^{-4} (\Delta u )^{2} \psi_{R}^{2m-4} \\& \qquad {}+ R^{-6} \vert \nabla u \vert ^{2} \psi_{R}^{2m-6} + R^{-4} \bigl\vert \nabla^{2} u \bigr\vert ^{2} \psi_{R}^{4m-6} \bigr) \,dx \biggr)^{\frac{1}{2}}. \end{aligned}$$ \end{document}$$ The last term on the right hand side of ([3.18](#Equ27){ref-type=""}) can be estimated as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$(\theta+1) F(s)\leq f(s)s, \forall s\in \mathbb {R}$\end{document}$. Using the latter inequality, ([3.25](#Equ34){ref-type=""}) and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1<\theta< p_{s}(n,4)$\end{document}$, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{B_{\beta R}} F(u) \bigl\langle \nabla\psi^{2m}_{R} , x \bigr\rangle \,dx=o(1)\quad \mbox{as } R\rightarrow+ \infty. \end{aligned}$$ \end{document}$$ From ([3.18](#Equ27){ref-type=""}), ([3.25](#Equ34){ref-type=""})-([3.36](#Equ45){ref-type=""}), and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1<\theta< p_{s}(n,4)$\end{document}$, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ \int_{\mathbb {R}^{n}}} \bigl(\Delta^{2} u\bigr)^{2} \,dx=\frac{2n}{n-8} { \int_{\mathbb {R}^{n}}} F(u) \,dx. $$\end{document}$$ Now, multiplying equation ([1.1](#Equ1){ref-type=""}) by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u\psi_{R}^{2m}$\end{document}$ and integrating by parts, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \int_{B_{2R}} \bigl(\bigl(\Delta^{2} u \bigr)^{2}\psi_{R}^{2m} - f(u)u \psi_{R}^{2m} \bigr)\,dx\\& \quad=- \int_{B_{2R}} \Delta^{2} u \bigl(2\Delta u\Delta\bigl( \psi _{R}^{2m}\bigr)+4 u_{ij} \bigl( \psi_{R}^{2m}\bigr)_{ij}+ 4\nabla(\Delta u)\nabla \bigl(\psi _{R}^{2m}\bigr)\\& \qquad{}+4\nabla u\nabla\bigl(\Delta\bigl( \psi_{R}^{2}m\bigr)\bigr)+u\Delta^{2}\bigl( \psi_{R}^{2m}\bigr) \bigr)\,dx. \end{aligned}$$ \end{document}$$ By the same reasoning as above, we find $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ \int_{\mathbb {R}^{n}}}\bigl(\Delta^{2} u\bigr)^{2} \,dx = { \int_{\mathbb {R}^{n}}}f(u) u \,dx < \infty. $$\end{document}$$ □

Proof of Theorems [2.1](#FPar6){ref-type="sec"}, [2.2](#FPar7){ref-type="sec"}, [2.3](#FPar8){ref-type="sec"}, [2.4](#FPar9){ref-type="sec"} and [2.5](#FPar11){ref-type="sec"} {#Sec5}
===============================================================================================================================================================================

Proof of Theorem [2.1](#FPar6){ref-type="sec"} {#FPar24}
----------------------------------------------

The proof of Theorem [2.1](#FPar6){ref-type="sec"} for the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k=1,2,3$\end{document}$ is exactly the same as in \[[@CR5], [@CR6], [@CR8]\]. Now, we prove the case $\documentclass[12pt]{minimal}
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                \begin{document}$k=4$\end{document}$. Let *u* be a stable solution to ([1.1](#Equ1){ref-type=""}).

*Subcritical case:* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1<\theta<p_{s}(n,4)$\end{document}$ *.* By Proposition [3.1](#FPar16){ref-type="sec"}, there exists $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{B_{R}}|u|^{\theta+1} \,dx \leq CR^{n- 8\frac{\theta+1}{\theta-1}}, \quad \forall R>0. $$\end{document}$$ Note that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n- 8\frac{\theta+1}{\theta-1}=n-8-\frac{16}{\theta-1}< 0, \quad \forall \theta\in \bigl(1, p_{s}(n,4) \bigr). $$\end{document}$$ Then, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1<\theta<p_{s}(n,4)$\end{document}$, after sending $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
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                \begin{document}$R\rightarrow\infty$\end{document}$, we get $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$u\equiv0$\end{document}$ in $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\mathbb {R}^{n}$\end{document}$.

*Critical case:* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta=\frac{n+8}{n-8}$\end{document}$ *.* By Proposition [3.1](#FPar16){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ \int_{\mathbb {R}^{n}}} \bigl(\bigl(\Delta^{2} u \bigr)^{2} + \vert u \vert ^{\theta+1} \bigr)\,dx < +\infty. $$\end{document}$$ So, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \lim_{R \rightarrow+ \infty} \int_{A_{R}} \bigl(\bigl(\Delta^{2} u \bigr)^{2} + \vert u \vert ^{\theta+1} \bigr)\,dx=0. \end{aligned}$$ \end{document}$$ Moreover, if we come back to the proof of Proposition [3.1](#FPar16){ref-type="sec"}, we may improve the following integral estimates: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{B_{R}} \bigl(\bigl(\Delta^{2} u \bigr)^{2} + \vert u \vert ^{\theta+1} \bigr) \,dx \leq C \int_{A_{R}}\bigl(\Delta^{2} u\bigr)^{2} \,dx + C R^{-8} \int_{A_{R}} u^{2} \,dx. \end{aligned}$$ \end{document}$$ By Hölder's inequality, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{B_{R}} \bigl(\bigl(\Delta^{2} u \bigr)^{2} + \vert u \vert ^{\theta+1} \bigr) \,dx \leq& C \int_{A_{R}}\bigl(\Delta^{2} u\bigr)^{2} \,dx + C R^{n{\frac{\theta-1}{\theta +1}}-8}\times \biggl( \int_{A_{R}} \vert u \vert ^{\theta+1} \,dx \biggr)^{\frac {2}{\theta+1}} \\ \leq& C \int_{A_{R}}\bigl(\Delta^{2} u\bigr)^{2} \,dx + C \biggl( \int_{A_{R}} \vert u \vert ^{\theta+1} \,dx \biggr)^{\frac{2}{\theta+1}}. \end{aligned}$$ \end{document}$$ Using ([4.1](#Equ46){ref-type=""}), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ \int_{\mathbb {R}^{n}}} \vert u \vert ^{\theta+1} \,dx =0. $$\end{document}$$ This implies that $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$u\equiv0$\end{document}$ in $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
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                \begin{document}$\mathbb {R}^{n}$\end{document}$. □

Proof of Theorem [2.2](#FPar7){ref-type="sec"} {#FPar25}
----------------------------------------------

We now collect ([3.19](#Equ28){ref-type=""}) and ([3.20](#Equ29){ref-type=""}). By assumption $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{3}$\end{document}$, if *u* is not identically zero, then $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \int_{\mathbb {R}^{n}} \bigl\vert D^{k} u \bigr\vert ^{2} \,dx =& \frac{2n}{n-2k} \int_{\mathbb {R}^{n}} F(u)\,dx \geq (1+\alpha_{0}) \int_{\mathbb {R}^{n}}f(u)u \,dx\\ > & \int_{\mathbb {R}^{n}}f(u)u \,dx = \int_{\mathbb {R}^{n}} \bigl\vert D^{k} u \bigr\vert ^{2} \,dx. \end{aligned}$$ \end{document}$$ This is a contradiction. Then $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$u\equiv0$\end{document}$. The proof of Theorem [2.2](#FPar7){ref-type="sec"} is thus completed. □

Proof of Theorem [2.3](#FPar8){ref-type="sec"} {#FPar26}
----------------------------------------------

The proof of Theorem [2.3](#FPar8){ref-type="sec"} is similar to proof of Proposition 4 in \[[@CR6]\]. Let $\documentclass[12pt]{minimal}
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                \begin{document}$\gamma\in [1, 2\theta-1+2\sqrt{\theta(\theta-1)})$\end{document}$. Multiply equation ([1.1](#Equ1){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$|u|^{\gamma-1}u \varphi_{R}^{2}$\end{document}$ and integrate by parts to find $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \int_{B_{2R}} f(u) u \vert u \vert ^{\gamma-1} \varphi_{R}^{2} \,dx \\ & \quad= \frac{4 \gamma }{(\gamma+1)^{2}} \int_{B_{2R}} \bigl|\nabla\bigl( \vert u \vert ^{\frac{\gamma -1}{2}}u \bigr)\bigr|^{2}\varphi_{R}^{2} \,dx -\frac{1}{\gamma+1} \int_{B_{2R}} \vert u \vert ^{\gamma +1} \Delta \bigl( \varphi_{R}^{2} \bigr) \,dx. \end{aligned}$$ \end{document}$$

The function $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|u|^{\frac{\gamma-1}{2}}u \varphi_{R} \in C^{1}_{c}(\mathbb {R}^{n})$\end{document}$, and thus it can be used as a test function in the quadratic form $\documentclass[12pt]{minimal}
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                \begin{document}$Q_{u}$\end{document}$. Hence, the stability assumption on *u* gives $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \int_{B_{2R}} f'(u) \vert u \vert ^{\gamma+1} \varphi_{R}^{2} \,dx \\& \quad\leq \int_{B_{2R}} \bigl\vert \nabla\bigl( \vert u \vert ^{\frac{\gamma-1}{2}}u\bigr) \bigr\vert ^{2}\varphi_{R}^{2} \,dx + \int_{B_{2R}} \vert u \vert ^{\gamma+1} \vert \nabla \varphi_{R} \vert ^{2} \,dx - \frac{1}{2} \int_{B_{2R}} \vert u \vert ^{\gamma+1} \Delta \bigl( \varphi_{R}^{2} \bigr) \,dx. \end{aligned}$$ \end{document}$$ Using ([4.2](#Equ47){ref-type=""}) in the latter, we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \int_{B_{2R}} \biggl\{ \bigl(f'(u)u^{2} - \theta f(u) u \bigr) |u|^{\gamma -1} + \biggl( \frac{4 \gamma\theta}{(\gamma+1)^{2}} -1 \biggr)\bigl| \nabla \bigl(|u|^{\frac{\gamma-1}{2}}u\bigr)\bigr|^{2} \biggr\} \varphi_{R}^{2} \,dx \\& \quad\leq C_{1}(\gamma , \theta) \int_{B_{2R}} |u|^{\gamma+1} \Delta \bigl( \varphi_{R}^{2} \bigr) \,dx + \int_{B_{2R}} |u|^{\gamma+1} |\nabla\varphi_{R}|^{2} \,dx, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$C_{1}(\gamma, \theta)= (\frac{\theta}{\gamma+1} - \frac{1}{2} )$\end{document}$. By hypothesis $\documentclass[12pt]{minimal}
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                \begin{document}$H_{1}$\end{document}$, we obtain $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \biggl( \frac{4 \gamma\theta}{(\gamma+1)^{2}} -1 \biggr) \int_{B_{2R}} \bigl\vert \nabla\bigl( \vert u \vert ^{\frac{\gamma-1}{2}}u\bigr) \bigr\vert ^{2}\varphi_{R}^{2} \,dx \\& \quad\leq C_{1}(\gamma, \theta) \int_{B_{2R}} \vert u \vert ^{\gamma+1} \Delta \bigl( \varphi_{R}^{2} \bigr) \,dx + \int_{B_{2R}} \vert u \vert ^{\gamma+1} \vert \nabla \varphi_{R} \vert ^{2} \,dx. \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\theta>1$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\gamma\in[ 1, 2\theta-1+2\sqrt{\theta(\theta -1)})$\end{document}$, we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\frac{4 \gamma\theta}{(\gamma+1)^{2}} -1>0$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \int_{B_{2R}} \bigl\vert \nabla\bigl( \vert u \vert ^{\frac{\gamma-1}{2}}u \bigr) \bigr\vert ^{2}\varphi_{R}^{2} \,dx \leq C(\gamma, \theta) \int_{B_{2R}} \vert u \vert ^{\gamma+1} \bigl( \bigl\vert \Delta \bigl(\varphi_{R}^{2} \bigr) \bigr\vert + \vert \nabla\varphi_{R} \vert ^{2} \bigr)\,dx. \end{aligned}$$ \end{document}$$ Using again ([4.2](#Equ47){ref-type=""}), we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ \int_{B_{2R}}} f(u) u \vert u \vert ^{\gamma-1} \varphi_{R}^{2} \,dx \leq C'(\gamma, \theta) { \int_{B_{2R}}} \vert u \vert ^{\gamma+1} \bigl( \vert \nabla\varphi_{R} \vert ^{2} + \bigl\vert \Delta \bigl( \varphi_{R}^{2} \bigr) \bigr\vert \bigr)\,dx. $$\end{document}$$ First, we replace $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\varphi_{R}$\end{document}$ by $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\varphi_{R}^{m}$\end{document}$ in the latter inequality, for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$m>2$\end{document}$, we derive $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \int_{B_{2R}} f(u) u \vert u \vert ^{\gamma-1} \varphi_{R}^{2m} \,dx \leq& C(\gamma, \theta,m) \int_{B_{2R}} \vert u \vert ^{\gamma+1} \varphi_{R}^{2m-2} \bigl( \vert \nabla \varphi_{R} \vert ^{2} + \vert \Delta\varphi_{R} \vert \bigr) \,dx \\ \leq& \frac {C}{R^{2}} \int_{B_{2R}} \vert u \vert ^{\gamma+1} \varphi_{R}^{2m-2}\,dx. \end{aligned}$$ \end{document}$$ By $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$H_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$H_{2}$\end{document}$, we get $$\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ \int_{B_{2R}}} \vert u \vert ^{\theta+\gamma} \varphi_{R}^{2m} \,dx \leq \frac{C}{R^{2}} \int_{B_{2R}} \vert u \vert ^{\gamma+1} \varphi_{R}^{2m-2} \,dx. $$\end{document}$$ An application of Young's inequality yields $$\documentclass[12pt]{minimal}
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                \begin{document}$${ \int_{B_{2R}}} \vert u \vert ^{\theta+\gamma} \varphi_{R}^{2m} \,dx \leq C R^{n- 2\frac{\theta+ \gamma}{\theta-1}}+ \frac{\gamma+1}{\gamma+\theta } { \int_{B_{2R}}} \vert u \vert ^{\gamma+\theta} \varphi _{R}^{(2m-2)\frac{\gamma+\theta}{\gamma+1}}\,dx. $$\end{document}$$ Thus $$\documentclass[12pt]{minimal}
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                \begin{document}$${ \int_{B_{R}}} \vert u \vert ^{\theta+\gamma} \,dx \leq C' R^{n- 2\frac {\theta+ \gamma}{\theta-1}}. $$\end{document}$$ As in Farina's work we readily deduce, by letting $\documentclass[12pt]{minimal}
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                \begin{document}$R\to+\infty$\end{document}$, that there is no nontrivial stable solution of ([1.1](#Equ1){ref-type=""}), in the special case $\documentclass[12pt]{minimal}
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Proof of Theorem [2.4](#FPar9){ref-type="sec"} {#FPar27}
----------------------------------------------

We proceed as in the proof of Proposition [2.1](#FPar6){ref-type="sec"}. From ([3.11](#Equ20){ref-type=""}) and ([3.13](#Equ22){ref-type=""}), we deduce by replacing $\documentclass[12pt]{minimal}
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Proof of Theorem [2.5](#FPar11){ref-type="sec"} {#FPar28}
-----------------------------------------------
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